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We study the inuene of strong nonmagneti disorder on the Ruderman-Kittel-Kasuya-Yosida
(RKKY) interations between diluted magneti moments in metals. We nd that the probability
distribution for the RKKY interations assumes strongly non-Gaussian form featuring long tails.
Sine suh distributions annot be haraterized by its moments, we dene a typial value of the
interation amplitude, whih we nd to be exponentially suppressed in presene of Anderson loal-
ization. Our results present a plausible and physially transparent piture desribing how Anderson
loalization eetively eliminates the long range nature of the RKKY interations.
PACS numbers: 71.30.+h, 72.15.Rn, 73.20.Fz
I. INTRODUCTION
It has long been appreiated that loalized magneti
moments in metals interat through indiret RKKY in-
terations mediated by the ondution eletrons.
1
In a
lean metal, the RKKY interation has a long-range
osillatory part, with an amplitude whih dereases as
a power law of the distane between the impurities,
I(R) ∼ cos(2kFR)/R
d
(d is the dimensionality of the
system and kF the Fermi wave vetor). This behavior
is well understood to be a diret onsequene of the ex-
istene of a sharp Fermi surfae haraterizing itinerant
eletrons.
In presene of impurities and disorder, this behavior
may be substantially modied. It is well known that suf-
iently strong disorder an lead to multiple-sattering
proesses whih an trap the eletrons through the pro-
esses of Anderson loalization. In this regime, one may
expet that the long-range harater of RKKY intera-
tions should be suppressed, reeting the redued mobil-
ity of ondution eletrons. The essential physial ques-
tion is how this proess preisely takes plae as the dis-
order strength is gradually inreased and the system ap-
proahes the loalized regime.
The inuene of weak nonmagneti disorder on the
RKKY interations has been studied in onsiderable
detail,
2,3,4,5,6
and is by now very well understood. These
studies have established that the main eet of weak
disorder is to randomly modify the phase of the RKKY
osillations due to impurity-indued phase shifts of the
eletroni wave funtions. As a result, the RKKY in-
teration dereases exponentially when averaged over
disorder, 〈I(R)〉 ∼ e−R/l, where l is the mean free
path. Early work
3
thus predited that the range of
RKKY interations beomes essentially ut o at R ∼ l,
and an be negleted at larger distanes. More areful
onsideration
4,5,6
disovered that this naive argument is
inorret, essentially beause most relevant quantities do
not depend on the average value of the interation, but
instead on the typial value of its amplitude. Sine this
quantity is not aeted by the random phase shifts, it
is essentially unaeted by weak disorder, and dereases
with the distane R in the same power-law fashion as in
the lean system. Therefore, the presene of weak dis-
order is not expeted to lead to any signiant hanges
in the physial properties whih are dominated by the
RKKY interations.
The inuene of stronger nonmagneti disorder on
RKKY interations has been, however, so far poorly ex-
plored. In an important study, Lerner examined the
probability distribution of the RKKY interations in the
metalli phase in the presene of strong disorder within
generalized nonlinear σ model and 2 + ε expansion.7 It
was found that the quantum interferene orretions do
not hange the power-law deay of all the even moments
of the interation distribution, whih remains the same as
in the pure metal, but make the oeients attahed to
these moments inrease ritially with disorder. As the
Anderson loalization regime is approahed, the higher
moments inrease muh faster than the variane, whih
therefore no longer represents a good haraterization
of the typial interation strength. Although this work
learly points out to the importane of strong utua-
tions of the RKKY interations, it does not explain how
does the distribution funtion evolve as one enters the
regime of Anderson loalization.
Within an Anderson insulator the eletrons are bound
to impurities, and thus an hardly be expeted to gener-
ate the long-range part of the RKKY interation. How
an we have at the same time large moments of the dis-
tribution of RKKY interations, along with its fast de-
ay with the distane? At rst glane these two argu-
ments seem inonsistent and the situation onfusing and
paradoxial. Clarifying these issues is an interesting and
important problem, sine one expets the magneti or-
relations to play a ruial role in the physis of disorder-
driven metal-insulator transitions in general.
The resolution of this puzzle is in fat quite simple,
as we explain in this paper. We nd that in presene of
strong disorder and loalization, the distribution fun-
tion develops a strongly non-Gaussian form featuring
2long tails. In suh ases it is well known that all mo-
ments of the distribution an assume very large values,
while at the same time a typial width of the distribution
an remain very small. Instead of the arithmeti aver-
age (i.e. standard deviation of the distribution) we nd
that the typial value of the interation is better har-
aterized by the geometri average of the distribution,
Ityp(R) ≡ e
〈 1
2
ln [I(R)]2〉
. This quantity is exponentially
suppressed in the presene of Anderson loalization, ex-
plaining how the long-range part of the RKKY intera-
tion is suppressed.
To illustrate these ideas and obtain quantitative and
reliable results, we numerially study the distribution
of the RKKY interations within the Anderson insula-
tor phase. Although our numerial results are obtained
within one dimensional model, we argue that the same
onept of the typial value of the RKKY interation
an be used to physially explain the qualitative hange
of the form of RKKY interations from long ranged to
short ranged during the disorder driven metal-insulator
transition in general dimensions. In the rest of this paper
we present a detailed desription of the model, followed
by the numerial results and disussion.
II. RKKY INTERACTIONS IN A DISORDERED
METAL
The interation energy between two loal moments S1
and S2 embedded in the metalli host at r1 and r2, re-
spetively, is given by the Hamiltonian
Hint = −J
2
S1 · S2 χ(r1, r2), (2.1)
where χ is the zero frequeny nonloal eletroni susepti-
bility and J is the exhange oupling onstant. Therefore
the alulation of the interation between diluted mag-
neti impurities redues to the alulation of the susep-
tibility whih, expressed through the Matsubara Green's
funtions, is given by
χ(r1, r2) =
2
β
∑
ωn
Gωn(r1, r2)Gωn(r2, r1). (2.2)
Here ωn is the fermioni Matsubara frequeny, and β is
the inverse temperature.
In the lean ase, i.e. in the absene of the nonmagneti
disorder, in three dimensional (3d) system, and for R
muh larger than the lattie spaing, the suseptibility is
equal to
χo(R) = −
2mkF cos(2kFR)
(2pi)3R3
, (2.3)
where R = |r1 − r2| and m is the eetive mass.
In the presene of weak disorder the phase of χ(R)
beomes random and χ(R) averaged over the disorder
ongurations is exponentially suppressed
〈χ(R)〉 = χo(R)e
−R/l, (2.4)
where l is the mean free path.2,3,4,5,6 The seond mo-
ment (variane) of the probability distribution, however,
remains long ranged and has the same power law depen-
dene as in the lean system
4,5,6
〈χ2(R)〉 = 3
[
mkF
(2pi)3
]2
1
R6
. (2.5)
Jagannathan et al.
6
have found that the square root of
the forth moment of the distribution,
√
〈χ4〉, is ompara-
ble in magnitude to the seond moment. Therefore, the
suseptibility distribution is non-Gaussian, but its typi-
al value is well haraterized by the square root of its
seond moment. The same remains true in 2d as well.6
This statement is, however, not valid in the regime of
strong disorder. As shown by Lerner,
7
using the general-
ized nonlinear σ model and performing a 2+ε expansion,
further inrease of the disorder results in very rapid in-
rease of all the even umulants of the distribution. More
preisely, for the umulant 〈〈χn〉〉 of the order n
〈〈χn(R)〉〉
R−nd
∼ e2un
2
, (2.6)
where the parameter u & 1 as the disorder is inreased
and the system approahes the Anderson transition.
7
In
this ase the typial value of the distribution annot be
determined by the value of its moments.
III. NUMERICAL RESULTS
In order to examine the form of the RKKY intera-
tions in the regime of strong disorder, we proeed to a
numerial study. We onsider a tight binding model
H = −t
∑
〈ij〉σ
(c†iσcjσ + h..) +
∑
iσ
εic
†
iσciσ (3.1)
with nearest neighbor hopping t and on-site random po-
tential εi, whih is distributed uniformly in the interval
[−W/2,W/2]. We alulate the interation between the
magneti impurities embedded into this system at dis-
tane R. From Eqs. (2.1) and (2.2) we see that all the
information that we need is ontained in the single parti-
le Green's funtions Gωn(r1, r2). In the matrix notation
the Green funtion
Gˆ(ωn) = (iωn − Hˆ)
−1, (3.2)
and the problem redues to the numerial summation of
the orresponding matrix elements over Matsubara fre-
quenies ωn whih will be done in the zero temperature
limit. In order to obtain good statistis with large num-
ber of disorder realizations and to redue the nite size
eets, we onentrate in the following to a one dimen-
sional system.
The numerial results for the lean system, Fig. 1, re-
produe the well known osillatory form of the eletroni
30 50 100
R
-0.1
-0.05
0
0.05
0.1
[χ
(R
)]a
v
W = 0
W = 0.035
W = 0.050
W = 0.100
Figure 1: The average suseptibility as a funtion of distane
R in the presene of weak disorder of strength W . The hem-
ial potential is µ = −0.96.
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Figure 2: Saled average suseptibility R〈χ(R)〉. With the
1/R dependene gone, we an see that disorder introdues a
damping fator to the average interation strength.
suseptibility with the power law deay with the distane,
χ(R) ∼ cos(2kFR)/R. Here the power law exponent is
equal to 1 sine we are working within one dimensional
(1d) model. (The disorder strength W and the hemial
potential µ are measured in units of half the bandwidth
2t, and the distane R in units of the lattie spaing. Our
system had 500 lattie sites.) We then onsider the sus-
eptibility 〈χ(R)〉 in presene of weak disorder averaged
over hundreds of disorder ongurations. The average
suseptibility weakens as the disorder is inreased.
In Fig. 2 we remove the 1/R dependene by multiply-
ing the average value 〈χ〉 by R. For weak disorder 〈χ〉R
follows an exponential deay as predited long time ago
by de Gennes.
3
However, what we are really interested
in are the probability distributions of the eletroni sus-
eptibility in the presene of stronger disorder.
Fig. 3 shows the probability distribution of the saled
-0.4 -0.2 0 0.2 0.4
χR
0
0.5
1
P(
χR
)
R = 200
R = 250
R = 300
Figure 3: Probability distribution P (χR) for W = 0.35 and
µ = −0.96. The distribution width is learly dependent on
R.
suseptibility P (χR) in the presene of strong disorder,
and for several values of R. As in the remaining part
of the paper, the results are obtained by averaging over
hundreds of disorder ongurations on the lattie with
500 − 1000 lattie sites. The width of the distributions
are dependent on R. More importantly, ursory exam-
ination of the data indiates that the distributions are
distintly non-Gaussian. This feature is important for
the following analysis, sine the non-Gaussian shape of
the distribution prevents us from using the standard de-
viation as a measure of the the width of the distributions.
Instead, we dene a typial value of the width as the ge-
ometrial average
χtyp(R) ≡ e
〈 1
2
lnχ2(R)〉. (3.3)
Fig. 4 shows a omparison of standard deviation and χtyp
for desribing the width of the same distribution. We an
see that the standard deviation is inuened by the long
tails, and is far too large to be a useful desription of the
width. χtyp, however, gives a good estimate of the width
of the distribution.
Examining χtyp for dierent strengths of disorder
(Figs. 5 and 6), we nd that for eah value of the dis-
order W
Rχtyp(R) ∼ e
−R/ξ
(3.4)
for suiently large R, where ξ denes the loalization
length. Therefore, if we dene an adjusted suseptibility,
χA(R) ≡ Re
R/ξχ(R) (3.5)
the distributions of χA(R) for large R will be entirely
independent of R within eah disorder strength. Com-
paring Figs. 3 and 7 shows how the use of this adjusted
suseptibility auses these distributions to ollapse to a
single saling funtion. We then ombine the data for
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XT
Figure 4: Distribution P (χ) (full blak line) for R = 100 and
W = 0.2. Gaussian (blue dotted line) is taken to have the
same standard deviation as P (χ). χtyp (red dashed line) is
a better measure of the distribution width than its standard
deviation.
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Figure 5: Rχtyp on linear axes. The width of the distributions
derease with inreasing R.
several distanes R, and thereby obtain more preise dis-
tributions for eah value of disorderW . For eah disorder
strength there now is a single harateristi distribution
(independent on R) as shown in Fig. 8. Interestingly,
the probability distributions are quite asymmetri in the
presene of stronger disorder, ferromagneti interations
being muh more probable than the antiferromagneti
ones. In the strongly loalize regime we expet in fat
the interations to be ferromagneti for R smaller or of
the order of the loalization length. The obtained distri-
butions show this behavior even for R muh larger that
the loalization length.
We then plot the tails of the distributions and nd
that for very strong disorder they beome very long, as
shown in Fig. 9. The tails of the distribution appear to
onverge to a universal power law form in the limit of
strong disorder. The form of the tails is qualitatively the
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Figure 6: Rχtyp on semilogarithmi axes. Rχtyp features an
exponential deay with R.
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Figure 7: Saled P (χA) for W = 0.350. After saling, the
distributions ollapse.
same for positive and negative side of the distribution.
The existene of suh long tails indiates that the width
of the distributions for higher disorder annot be au-
rately haraterized by their moments. The moments of
suh a distribution are extremely large, while the typial
value is, in fat, very small. Therefore, the long range
part of the RKKY interations is strongly suppressed in
the strongly loalization regime.
We have also ompared our result for the mean free
path l, obtained from Eq. (2.4), and the loalization
length ξ, from Eq. (3.4). Plotting l and ξ as a funtion of
W , see Fig. 10, we nd that l and ξ are both proportional
to W−2, and nd that ξ/l ≈ 3.685, whih is in a good
agreement with the analytial result ξ/l ≈ 4.8 This anal-
ysis further onrms the onsisteny of our interpretation
of ξ, as determined from the deay of the typial RKKY
interation amplitude, with the loalization length of the
eletroni system.
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Figure 8: P (χA) for several values of W . The distributions
are strongly peaked for higher disorder.
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Figure 9: Tails of distributions on log-log axes. For higher
disorder, the tails beome inreasingly long.
IV. CONCLUSION
In this paper we have examined how the distribution
funtion for RKKY interations beomes modied due
to Anderson loalization eets. We demonstrated that
the essential eet of loalization is to exponentially sup-
press the typial amplitude of RKKY interations on dis-
tanes longer then the loalization length, in agreement
with intuitive expetations. The distribution, neverthe-
less, remains broad in the sense that it develops long
tails whih dominate the statistis. Our numerial re-
sults thus onrm the analytial preditions of Lerner
that all even moments of the distribution diverge within
an Anderson insulator.
Our results portray an interesting physial piture with
potentially far-reahing onsequenes. In the metalli
regime the RKKY interations remain long-ranged even
in presene of weak disorder, and thus a given magneti
moment eetively interats with many others. In this
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Figure 10: The mean free path l and the loalization length ξ
as a funtion of the disorder strength. Both l and ξ are found
to be proportional to W−2.
regime one may expet a well developed olletive be-
havior of the spin system, leading to magneti order-
ing at low temperature. When the Andersonloalized
regime is approahed, the situation is quite dierent. The
RKKY interation between a typial pair of distant spins
is now signiantly suppressed or even negligibly small.
Very oasionally, a pair of distant spins will interat
strongly, due to rare disorder ongurations produing
long tails in the distribution funtion. If the resulting
RKKY interation is antiferromagneti, then suh a pair
an be expeted to lok in a tightly bound singlet 
thus forming an essentially inert moleule that prati-
ally detahes from the rest of the spin system. Suh
proess are preisely what one expets within the ran-
dom singlet phases
9,10,11,12
whih feature quantum Grif-
ths phase anomalies.
13
. Alternatively, a ferromagneti
interation will lead to the formation of a bound triplet
state, essentially a spin S = 1 magneti moment. It is
interesting to note a degree of asymmetry of the distri-
bution of the RKKY interations, that we have found at
strong disorder. This nding seems to indiate that fer-
romagneti orrelations may eetively ompete with the
tendeny for singlet formation, possibly leading to nano-
sale ferromagnetism
14
oexisting with a random singlet
phase.
We thus antiipate that Anderson loalization pro-
esses generially destabilize spin glass ordering in disor-
dered metals, whih is instead replaed by an appropriate
quantum Griths phase. Preisely how these proesses
take plae in the viinity of realisti metal-insulator tran-
sitions remains a fasinating open diretion for future
study.
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